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A trigonometric series 
i a, + f (a, cos nx + b, sin nx) 
n=1 
is said to be universal if, for any measurable function f on [-rr, ~1, it has a 
subsequence of partial sums which converges to f almost everywhere on 
[-P, n]. It was shown by Kozlov [3] that such series exist; an account of his 
work in English may be found in [l] (pp. 439444). We may similarly call the 
series 
i a, + 5 (a, cos h,x + b, sin h, X) 
?Z=l 
(1) 
universal if any measurable function on R1 is the limit, almost everywhere, 
of a subsequence of partial sums of (1). The object of this note is to prove the 
existence of universal trigonometric series of this kind. The proof is, in fact, 
rather simpler than in the periodic case: although a larger class of functions 
now has to be approximated, we have complete freedom of choice for the 
exponents X, . 
LEMMA 1. Given any function f, measurable (but not necessarily$nite) on R1, 
there exists a sequence ( fn} of continuous functions on R1 such that fn -+ f almost 
everywhere. 
Proof. When f is finite almost everywhere the result is proved, for 
instance, in [2], p. 256. In general let 
i 
f if IflGn, 
g,= n 
1 
if fan, 
-n if f .< -n. 
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Then there exists a function fn , continuous on RI, such that 1 fn -g, 1 < 1/2n 
except in a set E,, with mE,, < l/2”. Put 
E= fi loj,, 
k=ln=k 
so that mE = 0. If x 4 E, then x $ u,“l, E, for some N and so 
I f&4 - &ml < l/2” 
for 7t 2 N. Since g,(x) -+ f (x), it follows that fn(x) -+ f (x). 
LEMMA 2. If the function f on [-p, p] is continuous, then, given E > 0, 
there exists a trigonometric polynomial g with rational coeficients and exponents 
such that 
If -gl <E 
in L-P, PI. 
Proof. Let m be an integer such that p < m?r and let f * be a continuous 
function with period 2rnrr such thatf * = f in [-p, p]. Then, by the trigono- 
metric form of Weierstrass’s approximation theorem, there is a trigonometric 
poIynomial h whose exponents are integral multiples of I/m such that 
If*-hl <& 
in [-rnr, mr]. Clearly we may alter any irrational coefficients in h to obtain 
a trigonometric polynomial g with rational coefficients such that everywhere 
Ih-gl 4~. 
THEOREM. Universal trigonometric series on RI exist. 
Roof. Consider all trigonometric polynomials with rational coefficients 
and rational exponents. Let them be enumerated as 
Wl, co2 , WQ ,.... 
Let {p,,> be an increasing sequence of numbers satisfying the conditions 
(i) p, > n for n = 1, 2,..., 
(ii) pi/p, is irrational for i fj, 
and a further condition to be stated later. 
Choose p1 so large that 
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This is possible, since w1 is a trigonometric polynomial and so has a bounded 
indefinite integral. Now put 
and define 8r elsewhere by periodicity. Since wr is a trigonometric poly- 
nomial, the Fourier series of t$ converges uniformly in [--pr + 1, 9, - l] 
say. Hence, taking sufficiently many terms of this Fourier series, we obtain 
a trigonometric polynomial g, , say, such that 
in [-PI + l,Pl - 11. 
Now choose ps > pr to satisfy conditions (i) and (ii) above and so that 
Then put 
e2 = ~2 - gl in E-P2 v P2) 
and define Or elsewhere by periodicity. As above, in [-p2 + 1, p, - l] the 
Fourier series of O2 converges uniformly to 8, , and so we can find a trigono- 
metric polynomial g, such that 
in [-p, + 1, p, - 11. Also, since p,/p, is irrational, no exponent of g, is the 
same as any exponent of g, , except possibly the zero exponent in the constant 
term. 
Suppose that we have constructed the trigonometric polynomials 
all of whose exponents (except for the zero exponent) are different and that 
we have defined the numbers p, ,..., p,-* so that P,+~ > p,(i = I,..., m - 2), 
conditions (i) and (ii) are satisfied and also 
for i = 2,..., m - 1. Let p, be such that p, > p,-r and conditions (i) and 
(ii) are satisfied by p, . Choose pm so large that 
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We now construct g, as follows. Define 19, by 
e, = w, - (gl + a-* + gm-d in [-Pm , Pm) 
and by periodicity elsewhere. The Fourier series of 0, converges uniformly 
in [-p, + 1, p, - I], and so there is a trigonometric polynomial g, such 
that 
I&n-&al <2-” 
in [--Pm + l,P, - 11, or 
I wm - (g1 + --- +g?n)l -c 2” (4 
in [-p, + 1, p, - I]. Continuing in this way, we construct p, , g, for all 
m. 
Let &zr’ denote the constant term in g, . Then, by construction, 
Put 
and 
co 
a, = C a:) 
?&=l 
We shall show that the series 
(3) 
is universal. 
First, by condition (ii), all exponents of (4) are different. Next, letf be any 
measurable function on R1. By lemma 1, there is a sequence {fm> of con- 
tinuous functions convergent tofalmost everywhere on R1. Also, by lemma 2, 
given any integer n, there exists an integer 22, 3 71 such that 
Ifn-wk,I (2” 
in [-p,,p,J. Then, by (2) and (31, 
G I Wkn - kl + “- + gk,,)l + 1 ;,=F+, aim’ ( < 2-‘,+’ 
11 
in [-+, + I,& - 11. Hence 
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in [-A , Al n i-h, + 1, Pkn - l] 2 [-p, + 1, p, ‘- 11. Thus the 
subsequence 
ia,+ Fgm* 
WZ=l 
converges to f almost everywhere in R1. 
The concept of universal trigonometric series can clearly be extended to 
any number of variables. Both Kozlov’s proof and the one in this note can be 
adapted without difficulty to deal with the general situation. For instance a 
universal trigonometric series in R2 is obtained by first constructing a series 
of trigonometric polynomials in which all exponents are distinct. The terms 
of each polynomial are then written in rectangular blocks and these blocks are 
arranged in order diagonally. 
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